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I. INTRODUCTION 



Spontaneous symmetry breaking finds a natural for- 
mulation in terms of nonlinear realizations (NLR's) of 
gauge groups [l| 0] ■ Given the gauge theory of a 
group G, a suitable NLR allows to reduce the manifest 
symmetry of the action to that of an arbitrary subgroup 
H C G, thus preparing the breakdown from G to the 
residual symmetry H. However, NLR's by themselves 
do not imply the breaking of the original symmetry G. 
Different realizations of G with alternative choices of the 
explicit symmetry subgroup H are possible, all of them 
having in common their invariance under the underlying 
full gauge group G. For instance, as shown by us else- 
where [5| p], the entire (unbroken) Poincare symmetry 
can be realized at convenience either with H =Lorentz 
or with H = SO{3), being the particular choices mu- 
tually reversible at any time. The effective breaking of 
the symmetry requires a dynamical mechanism which is 
not automatically provided by NLR's. In the present pa- 
per we study the symmetry breaking of an Anti-de Sitter 
gauge theory, using a modification of the approach due 
to Stelle and West [3] Q, who first adapted the Higgs 
mechanism to spacetime gauge symmetries. Our origi- 
nal action (j60p includes an ordinary kinetic term built 
from the gauge potentials, plus Higgs contributions in- 
volving a Higgs- type multiplet, in quite a close analogy 
with the standard breaking procedure of the Weinberg- 
Salam model 0. The lastly deduced broken action ([6T|) 
is Lorentz invariant. It resembles a nonlinearly realized 
action, with the difference that in it the original G sym- 
metry is lost. 



II. DE SITTER AND ANTI-DE SITTER GROUP 
ALGEBRAS 

Let us start introducing the generators Lab of the 
de Sitter group 0(4,1) (resp. the Anti-de Sitter group 
0(3,2)), antisymmetric in the indices A, _B, and satis- 
fying the commutation relations 



'^ i'^A[M^N]E 



ObimLj^^J- (1) 



The Lie algebras of both groups, with the common form 
(fT|), differ in the characteristic five-dimensional constant 
metric involved in each case, namely 



diag{- 



,A) with A = ±l, (2) 



where A = 1 corresponds to the de Sitter, and A = — 1 
to the Anti-de Sitter group. In the fiber bundle ap- 
proach to be followed by us, where spacetime symme- 
tries are treated in analogy to the internal groups of or- 
dinary gauge theories, the five internal dimensions of the 
fundamental representation space of the de Sitter group 
(equipped with the metric ^) are not correlated to the 
dimensionality of the (spacetime) base space. Neverthe- 
less, in order to facilitate the nonlinear realization of the 
(Anti)-de Sitter group G with the Lorentz group as the 
H subgroup, we proceed in analogy to the group contrac- 
tion formalism [l3| [li| to decompose ([2]) as 

Oap = diag{- , + , + , + ), 055 = A , (3) 

and to define the pseudotranslational generators 



H„ 



I 



L 



Ai5 1 



(4) 



with I as a constant with dimensionality of length. By 
replacing ([3]) and ([4]) into ([T]), we get the commutation 
relations 



[ Lap , L^^] = -i {Oa[fiL^]f} - Of}[f^L^]a) ■ 



(5) 
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[Laf3 ,H^] 



«0^[Qn^] 



(6) 



2a 



(7) 



differing from those of the Poincare group merely in the 
occurrence of ([7]) instead of [II^i ,11^] — 0, so that the 
operators Il^t can be brought to mimetize the behavior 
of translational generators by taking the hmit I — > oo 
considered in the context of group contractions. Here we 
don't pay attention to this hmit. 



III. NONLINEAR APPROACH 

The mathematical structure of gauge theories is that 
of fiber bundles [ij] [l3]j with fibers diffeomorphic to 
the structure group G attached to each point of the 
base space M . A fiber bundle interpretation of nonlin- 
ear gauge realizations of groups was proposed by us in 
[14| . We choose the base manifold from the beginning to 
be four-dimensional in view of its future identification as 
physical spacetime. 

Let us summarize the essentials of the nonlinear ap- 
proach. Given a group G with a subgroup iJ, we define 
an action of G on the quotient space G/H as follows. At 
any point x £ M, the group element g{x) G G, acting 
on the left on cosets cr^ £ G/H labeled by continuous 
parameters ^(x), yields 



LgOa^{x) = Rh ocr^/(a;). 



(8) 



where the r.h.s. expresses the right action of h{£^ ,g) £ H 
on a transformed coset a^r e G/H with ^' {£, ,g). 

Provided that linear representations p{h) of the sub- 
group elements h £ H exist, ([8]) induces an action of 
g £ G on. fields ip of the representation spaces of H as 



^' =p{h{C,g))^p. 



(9) 



Despite of being ([9]) formally a linear _ff-transformation, 
the nonlinear action of the full group G enters it through 
the dependence h{£_ ,g) as derived from ^. 

A capital feature of NLR's related with the previous 
one is the occurrence of G-nonlinear connections F^,^ for- 
mally transforming as 7f-gauge potentials, their relation 
to the standard G-linear connections Aj^_, being given by 



-\d + AJa^. 



(10) 



Readers interested in details are referred to the literature 

Let us now apply the general formalism to the case of 
G =(Anti)-de Sitter and H =Lorentz. We rewrite ([8]) 
in the form g ■ a^ = a^> ■ h , see [l^ [I4I , and replace 
the infinitesimal group elements g ~ I + i [3^^ Lab = 
I + i P^^Lap + i ef'Uf, of the (Anti)-de Sitter group (with 
gP ■- 1(3''^), and h Ki I + ipf^PL^p of the Lorentz 
group. On the other hand, we parametrize the cosets 
as (7^ — e~'^ ^'^ with finite pseudotranslational param- 
eters C^(x), and 0-^ = e-^^'^n^" with ^'^ « ^/^ -|- 5£,^' . 



Then, with the help of the Hausdorff-Campbell formula, 
we get for A = 1 the infinitesimal variation 



5e 



-r/3/ 



{K 



u\ m/i) , w 



+ 



e ^tan(|e|/0 e 



(11) 
of the pseudotranslational coset parameters, with |^| := 

•\/oa^C"C- (And for A = —1, an analogous expression 
with tan(|^|/Z) replaced with tanh(|i^|/Z) ). On the other 
hand, the infinitesimal nonlinear Lorentz parameters en- 
tering ((9]) as much as the gauge transformations ([2T|l and 
([22I1 of the components of (fTO|) , are found to be 



M 



Q/3 



p 



ali 



2A sin(|C|/0 



mil 



mil)) 



^e 



/3] 



(12) 



for A = 1 . (An analogous result holds for A = — 1 with the 
trigonometrical functions replaced by the corresponding 
hyperbolic ones.) Next we build the nonlinear connec- 
tion (|10p of the (Anti)-de Sitter group starting from the 
standard linear connection 



A. 



iT^"Lab. 



transforming as 

(5) 



AB 



(5r^^ = DP'''' := dp 



jAB 



AnCB 



B oAC 



'P 



(13) 



(14) 



(5) 



(From now on, we denote with D the covariant derivative 
built with the linear connection F"^^, in order to distin- 
guish it from the nonlinear Lorentz covariant derivative 
D, see for instance (I?!]) below.) For calculational conve- 

(T) 

nience, we make use of ^ and of definition F^ ;= ^F'^^ 
to rewrite (fT3l) as 



A,=-iT^Pl^ 



f> 



(T) 

zF'^n,, 



(15) 



(T) 



where neither F"'^ is a true Lorentz connection nor F^ 
behaves as a Lorentz coframe, as easily read out from 
(fT4)) . However, by replacing (fTS]) in (fTO)) together with 
the cosets a^ = e~*^ '^*' , we find the nonlinear connection 



-if^'^L 



Q/3 



ii9^n„ 



(16) 



resembling (|15p . but with modified components trans- 
forming differently, see ((2T|) , ((22l) . The search for a simple 
explicit notation for the components of P^ is facilitated 
by introducing the matrix 



M. 



I^CJ 



(17) 



in the fundamental five-dimensional representation of the 
(Anti)-de Sitter group. (The explicit form of p7p is given 
in Appendix A.) In terms of (|17p . the nonlinear connec- 
tion dinD with (1T3D yields 



-i {]vr 



, ( dM^ 



'M"^)L^ 



(18) 



to be compared with ((T6)) to get 



(5) 



(19) 



pa/3 =r"^_M^["£»(M-l 



and -with a simplification allowed by the form (|A4p - (|A7p 



^M 



(T) 
p/j 



(5) 

IM^^D{M- 



-i\/i 



(20) 



The crucial point concerning (|T9|) and ([20|) is that their 
manifest transformation properties are Lorentz ones in- 
volving the parameters (|12p. Actually, for the Lorentz 
connection (fT9)) we can calculate (see |14| ) 



(5f"'3 = £)/i 



Q/3 



(21) 



where D is the Lorentz covariant differential built with 
(fT9| itself. In addition, it is a general feature of NLR's 
that those components of the nonlinear connection which 
are associated to group generators different from the H 
ones become iJ-tensors. We find in particular the pseu- 
dotranslational components ((20|) to obey the gauge trans- 
formations 



5^t^ = -'i?^/!^'^ 



(22) 



characteristic for a Lorentz covector, thus making it pos- 
sible to interpret such 1-forms ??^ as tetrads [5[ Q [ij| 
|la | |17| . One can write them down as -d^ = dx^ei^ with 
Ci^ being 4x4 matrices, since the explicit group index 
runs from to 3, and so does the hidden coordinate index 
referring to the base space M , previously chosen by us to 
be 4-dimensional. In Appendix B, from the tetrads we 
build the eta-basis providing a convenient notation for 
what follows. 



IV. FIELD STRENGTHS AND YANG-MILLS 
(ANTI)-DE SITTER ACTION 

Let us handle the (Anti)-de Sitter group as an ordinary 
gauge group. In order to build its pure Yang-Mills action 
we introduce the linear covariant differential operator 



(5) 

D ■.= d + A,^, 
with Ajjj as given by (|13p . Commuting (I^H)) as 



(23) 



( 5) ( 5) 



D A D = dA^^ + A,, A A,, = -^ F^'^Lab , (24) 

we find the field strength 2-forni (or curvature) defined 
as 



pAB .^ ^j.AB ^ p B ^ pAC 



(25) 



The corresponding standard linear (Anti)-de Sitter Yang- 
Mills kinetic term reads 



L''''^-^F^^A*Fba. 



(26) 



Let us now rewrite the Lagrangian density ([26)1 in terms 
of the nonlinear variables introduced in previous Section. 
In analogy to ([23| we define the nonlinear covariant dif- 
ferential operator 



NL 

D ■■=d + T,,, 



(27) 



involving the nonlinear connection (jlO[) . In parallel to 
p4| we get 

NL NL 

D AD ^ dr„, +r,, Ar„ 

NL 



= : -iF^^Lab 

NL NL 

= -iF°'^La,/3-ilFf'% 



M ' 



(28) 



where the components of the nonlinear field strength 

NL 

F^^ can be explicitly found by calculating from (fT6|) 



dr,,+r„Ar 



M ' M ' ' M 



I [ i?"'^ -f 4 i9" A i9^ )L„/3-iT'^n 



so that comparing (pS)) with (P5)) one gets 



NL X 

pap ^ Jl^fi j^ AO^ ^^P ^ 



P 



NL 



1 



~ I ' 



(29) 



(30) 
(31) 



where we recognize well known geometrical objects such 
as the ordinary Lorentz curvature 2-form 



RJ := dtj^ + f ^'3 /\ f^- 



(32) 



and the pseudotranslational field strength 

rpf^ := £)^^ = d^^ + f ^^ A t?" , (33) 

the latter having the same form and transformation prop- 
erties as the ordinary torsion of Poincare Gauge Theories. 
(We use the exterior calculus notation as fixed by 18].) 
From ([TO)) we also find 

d r,, + r,, A r,, ^a-\ dA,, + A„ a a,, ) a^ . (34) 

Using (fT5|) and the notation introduced in ([M)) and 
the relation (I34p can alternatively be expressed as 



NL 
pAB 



(Af 



-1\A T^CD 



Mr 



(35) 



Let us now apply these results to ([26|) . From ([35|) follows 
the equality 



^AB 



% ^- 



F-- A *Fba = F^" A *Fba , (36) 

so that (|26p admits an invariant reformulation into 

NL ^L 



-YM 



If^B ^*p IpAB ^.p 

4 4 

1 / NL jvL NL NL \ 

-- F"'3a*F^„-2^^5^*F^5 -(37) 



Making use of ((30| and (|3T|) . we finally arrive at 



-YM 



Ai?"^Ar;„, + |^ 



1 



-R"'' A *Rc.p + 



1 
2^2 



T^ A *r^ , (38) 



(see Appendix B for the eta-basis notation), where the 
first term is (but for the sign) an ordinary Einstein- 
Cartan Lagrange density, see for instance [I^ [20|. The 
remaining contributions are a cosmological constant term 
(with a troublesome prefixed value related to that of the 
Newton constant), and further terms quadratic in curva- 
ture and torsion respectively. 



DEFINING AN (ANTI)-DE SITTER 
HIGGS-TYPE MULTIPLET 



From the way we followed to deduce (|38p . it is clear 
that this Lagrangian density is a mere reformulation of 
(1^5)1 in terms of the nonlinear quantities P^ , (pOl) . Ac- 
cordingly, the underlying (Anti)-de Sitter invariance sur- 
vives despite the formal Lorentz character of the trans- 
formations ([2T|) . ([22| obeyed by the new variables. The 
effective breakdown of the original symmetry to the resid- 
ual Lorentz invariance actually requires an additional dy- 
namical breaking procedure. Here we present an adapta- 
tion of the standard Higgs mechanism. 

The latter rests on the introduction of a certain Higgs 
multiplet [91 • In analogy to it, we introduce a five- vector 
corresponding to the fundamental representation of the 
(Anti)-de Sitter group, parametrized as the product 



y-:=M\{u5l) 



(39) 



of the matrix (fT7|) (see Appendix A) times a multiplet 
[u 6^ ) whose only nonvanishing component is taken to 
be a scalar field u. Such singlet introduced by hand is 
the only element of the present theory that is not deduc- 
tively provided by the NLR of the gauge group G. But it 
is indeed necessary, besides the four pseudotranslational 
coset fields ^^ entering the matrix (|17p . to complete the 
five degrees of freedom of the vector ([55)1 . Taking (|A4[) - 
(|A7|) into account, the components of ((39|) are found to 
be, for the choice A = 1 



y^ = -zi|jsin(|^|/0, y' ^ u cosQ^yi) , 
and respectively for A = — 1 



(40) 



u^sinh(|e|/0, 2/^ = w cosh(|^|/0 , (41) 



so that in both cases 



VaV^ ^y^y'' + Xiyn ^X 



(42) 



Provided Su = as corresponding to a scalar field, from 
PO)) with pT|) (and analogously for the A = — 1 case), 
we find 



5y' 



-v^Pb^, 



(43) 



valid for both, A = ±1, so that ^9^ is a true 0(4,1) 
(resp. 0(3 , 2) ) vector. 

The variables £,^ entering the matrix (jA3p used in ([55]) 
are Goldstone fields, having as a main feature to be elim- 
inable from an (Anti)-de Sitter invariant action by means 
of a gauge-like redefinition of the remaining fields and 
connections. The so called unitary gauge fixing 9] han- 
dles the Goldstone matrix (|A3p as if it were a gauge trans- 
formation matrix, implicating it on the one hand in the 
gauging away of the Goldstone degrees of freedom from 
|), yielding 



2/" 



uS^ 



(44) 



and on the other hand in the simultaneous field rear- 
rangement giving rise to the nonlinear variables (J19p and 
(|20p . Actually, fixing the unitary gauge is equivalent to 
introduce a NLR. 

Certainly, NLR's can be performed independently from 
the breaking of the symmetry, as already shown by the 
reformulation of ([26)1 as p8|) . Instead, the breakdown 
of the symmetry from G to _ff is inseparable from the 
corresponding NLR, necessarily giving rise to a unitary 
gauge fixing. Even if not declared, the parametrization 
P9P of the Higgs multiplet ( favoring a particular sym- 
metry breakdown) implicitly presupposes a certain ex- 
pected NLR. Given the initial gauge group G, the role of 
the subgroup H is singled out in advance by the choice of 
the Goldstone matrix (jA3p . containing coset parameter 
fields S,^ taken ad hoc to belong to G/H. Accordingly, 
when later the effective symmetry breaking occurs, the 
subgroup H emerges -not surprisingly- as the natural 
residual invariance. 



VI. THE HIGGS MECHANISM 

In our approach, the spontaneous breaking of the orig- 
inal symmetry is due to a special treatment of the dy- 
namics of the Higgs vector field ([55)) . similar to that of 
the Standard Model. We consider the explicitly (Anti)-de 
Sitter invariant Lagrangian density 

(5) (5) 

L"'S9s ^kaDy^A*D yA+h *{y^yA)+k2 * [ {y^yA? ] , 

(45) 
including a kinetic and a mass term plus a quartic selfin- 
teraction contribution. (The Hodge dual star operators 
refer to the four-dimensional base space. In view of (jBSp . 
they can be replaced by the volume element built with the 
tetrads, thus being explicitly Lorentz, and at the same 
time nonlinear ly (Anti)-de Sitter, invariant.) The con- 
stants in (I45p will be fixed at convenience in due course. 
For our purpose, it is appropriate to transform the y^- 
kinetic term as follows. With the help of (|A4p -(|A7 p and 
([55)) . we find for the tetrad (PO)) the alternative form 



i9^ 



(5) 



-\1{M-'YaD{^), 



(46) 



trivially implying 



(5) yA \ 



(47) 



From (|T7)) it is easily calculated that the kinetic term in 
(|i5)) simplifies to 



(5) 



(5) 



Dy"^ ^ *DyA = XduA *dw + -^ ?9^ A *?9p 



(48) 



In (|48)) the Goldstone fields entering y^ have been en- 
tirely absorbed into the tetrads, see ([^0)) . According to 
(jB7p . the last term in (|^5)l can be further brought to 



'd^A*'d^ = 4'r],so that the whole j/-* -kinetic term reduces 
to a kinetic plus a mass contribution for the singlet (or 
scalar Higgs field) u . The original Higgs Lagrangian den- 
sity (|45p . with the replacement of (|^5)) and taking 
into account, converts into 



L 



Higgs _ 



Xko du A *du + V{u) rj , 



(49) 



where we introduced the potential (including mass terms) 
defined as 



V{u):^ ( i^+Afci )u' + k2U 



(50) 



From now on we limit ourselves to consider A = — 1 in 
order to ensure the occurrence of the right sign [19| [20| 
in the Einstein-Cartan term in the Lagrangian (pS)) . thus 
concentrating on the Anti-de Sitter case. 

Let us show how the effective spontaneous breaking 
of the symmetry comes about. The potential ([50)) is re- 
quired to have a minimum at uq ^ 0. We find the ex- 
tremal condition V'{uo) =0 to be actually satisfied for 
the vacuum expectation value 



Mo 



1 
2fc^ 



4fco 



ki) 



(51) 



while the minimum requirement V"{uo) > demands 



ki > 



4fcn 



In addition wc impose 



Viuo) 



A 



3_ 



(52) 



(53) 



in order to replace the inconvenient value of the cosmo- 
logical term in (j38|) by the usual one proportional to the 
undetermined cosmological constant A . 

As read out from ((42|) . the vacuum expectation value 
Mo 7^ is degenerate as being in fact the radius of a com- 
plete ring of minima yg of the form p9p . where only u 
is determined (with its value being given by (|5ip ). The 
fixing of the unitary gauge has the meaning of a sort 
of Anti-de Sitter rotation involving the Goldstone ma- 
trix (jASp . as a result of which the vacuum expectation 



value becomes oriented along one of the vector compo- 
nents, as in (im. But this choice (indistinguishable from 
the introduction of a NLR) doesn't yet imply symmetry 
breaking. It is the field expansion u — uq + ip around uq 
taken as a ground state -implying the field ip to have zero 
vacuum expectation value- that introduces a shifting of 
fields provoking the spontaneous breakdown of the origi- 
nal symmetry. (A residual symmetry under the subgroup 
H remains for the redefined -nonlinear- quantities.) 

By performing such an expansion of u around (|5ip . we 
find (115]) (with (inni) and A = - 1 ) to transform into 



L 



Higgs _ 



-fco dip A *dip + ^2 



iO + ( 2mo (y9 + (p^ ) 77 . 

(54) 
The kinetic and mass terms of ([54| suggest to take the 
constant values affecting them to be respectively fco — 
— 1/2 and fc2 = ?7i^/(8mq). Consistently with conditions 
(I5T|) - (|551) . this choice yields the complete set of constant 
values 



fco 



m^ 2 

;4 4 

im 



64(3-AZ2)' 
fixing in addition the ground state (|5ip to be 
2 



Uq 



Pl 



V2(3-AP) 



(55) 
(56) 
(57) 

(58) 



Replacing these values in ([51]) we get 



L^'ss' = ^ dip A* dip 



A 



3 



K 



mip - 



rm^ip 



2,o2 



4^2 (3- A /2) 



(59) 



whose relevance will become apparent immediately. 

Let us put together all the previous results to get an 
organic view. On the one hand we take as the dynamical 
starting point of the theory the total linear Lagrangian 
density built as the sum of (P^ and (|^5)) , with the values 
of the constants fco , fci , fc2 fixed to be (|55p - ([571) . that is 

L*°* = -^F-^^A *Fba 



1 (5) 



(5) 



--Dy^A*DyA 

rri^ 2 
~^P 

'64(3-AP 



'{y^VA) 
'[{y^VA? 



(60) 



After the spontaneous symmetry breaking, (|45|) reduces 
to (j59p . The latter is expressed in the unitary gauge. 



see (|44|) . corresponding to a NLR with H =Lorentz. By 
consistently rewriting (P5|) as (|38p in terms of the same 
variables as used in ((59|) . it becomes possible to add up 
in particular the cosmological constant contributions, so 
that the sum of ([38]) and ^^ (with A = -1 ) yields the 
broken total Lagrangian 



L*°* = 



^i?"''Ary„^ + ^ry 



1 



R"^ A *R, 



«/3 






1 , * , 1 / 

+ - a(/3 A dip + — \ mtp + 



l'^w?ip'^ 



4^/2 (3 -A/2) 



(61) 



where in the successive rows we find 

i.-the ordinary Einstein-Cartan Lagrangian density with 

standard (undetermined) cosmological constant, 

ii. -contributions quadratic in curvature and torsion, and 

iii.-the residual scalar Higgs Lagrangian density with 

mass and higher order terms. 

Despite their similitude, a great difference exists be- 
tween (|38)) and (|6ip . concerning their respective under- 
lying symmetries. While the former constitutes a mere 
reformulation, always reversible, of (|26p in terms of re- 
defined nonlinear variables, preserving the full (Anti)-de 
Sitter symmetry, instead in the Lagrangian density (|6T|) 
the original symmetry is irreversibly broken by the Higgs 
mechanism, so that only the explicit residual Lorentz in- 
variance remains. As a main consequence, the value of 
the cosmological constant is A -a value introduced in the 
last term of (f60|) - instead of 3/P as in p8|l . 



VII. CONCLUSIONS 

We have shown that the modified gravitational La- 
grangian density (|6ip derives from the standard Yang- 
Mills Lagrangian (P^ with the help of a symmetry break- 
ing procedure which presents a close analogy with the 
standard Higgs mechanism. It is worth checking the pos- 
sible renormalizability of the original (unbroken) total 
linear Lagrangian (j60p . (Recall that the unitary gauge, 
although making apparent the physical field spectrum, 
actually constitutes an obstacle to recognize the possible 
renormalizability of the action.) 

On the other hand, by regarding ((60)) as the gravita- 
tional contribution to the action of an extended Standard 
Model, and playing with different choices of constants 
and signs in (gS]), one can explore possible combinations 
(and eventual cancelations) between the standard and 
the gravitational Higgs scalar sectors. 

Let us conclude remarking that the formal resources of 
NLR's reveal to be useful to deal with both, the unbroken 
gauge theories of gravity retaining the full G symmetry 
^M l211 1 £^s much as the broken ones with residual 
symmetry H C G. 



APPENDIX A: ELEMENTS OF THE REDUCING 
GOLDSTONE MATRIX 

In the fundamental five-dimensional representation of 
the (Anti)-de Sitter algebra, the group generators read 

being in particular the pseudotranslational generators 

(HJ^- = J (i^5)o" = -J Oclf^S^] . (A2) 

Making use of (|A2p . we calculate the matrix representa- 
tion dni) of crj = e-'^"^'^ to be 



OO ^ 

= E^^tH^'^n,)"]^ 

n=0 

1 



^He'n^).H-^e'n^)cB + ■■ 



(A3) 



For A = 1, the elements of (IA3I) read 



£,a£,f3 



M^p = (M-i)„^=o„^-(l-cos(|e|/0)^|^, (A4) 



M5„ = _(Af-i)5„=A^sin(|^|/0, 



(A5) 



M„5 = -(M-i)„5 = -^ ^ sin(|^|/0 , (A6) 

M55 = (Af-i)55 - A cos(|e|/0 , (A7) 

and for A = —1 we find analogous values with the trigono- 
metrical functions replaced by hyperbolic ones. 



APPENDIX B: ETA-BASIS 

Following the exterior calculus notation fixed in p^ . 
we define the Levi-Civita object in terms of the tetrads 
(PO)) using the Hodge dual star operator * as 



^a/375 .^ *(^" a?9''Ai9''A#), 



(Bl) 



and with the help of (|B1[) we build the remaining ele- 
ments of the eta-basis, namely 

^a/37 .- *(7^A^9'3At9^) = 77"''^5^9^ (B2) 

^a/3 _ *(^9"Az9'') = ^77"''T,5t9^At9\ (B3) 

r,"' := *^" = 1 7y"^^5 7?^ A 1?'^ A 7?^ (B4) 

and the four-dimensional volume element 

77 := *1 = 4 ?7a/375 ^" A I?'' A ^9"^ A ^^-^ . (B5) 



The eta-basis features 

i9°' Ai)'^ Ar]af3 = I2ri, 



(B6) 



are used in the main text. 
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